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ABSTRACT 

k  ship following In the wako of another ship 

of comparable slae experiences a change In hydrodynamis 

force and momant due to the tubulence and wa^es generated 

by ^h© leading ship. For two identical wall°sided ships* 

or finite drafts In tandem? the force and moment due to 

wavasr experienced by the trailing ship* arr* derived 

by using l»ag&lly's theorem and the usual assumptions 

used in the theory of wave resistance• The force is 

taken in two components* horizontal and vertical? and 

the moment Is found about a transverse axis through the 

eentey of mass of the trailing ship* 

Procedures «pplioable to the evaluation of 

all integrals involved are Indicated and the results 

for the force components and significant moraent cotsv-> 

p outsit 3 are listed^. KiiraeySael values are ¥?a!Lsu2,s.tod 

for some significant fores and moment components and 

©urvos &r«s plotted showing the trend of the various 

components. 

• «•» i"»c»«iMi—waiiMirain'*"-»*•'-— ^-^ •«<"»'«'»—smwumw,in,mmi« •»»- 
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I* Introduction 

In 1950* the authors* presented a paper* 

"The Dynamic Stability on Course of a Towed Ship", 

before the Society of Naval Architects and Marine Engineers 

(Do It was an Introductory investigation on the stability 

of a towed ship in which only the motion In the horizontal 

plane was considered* Due to the complexity of the 

problem and to determine the effect of quantities of 

major Importance* many refinements were idealised or neg- 

lected* 

One effect which was negleoted was the hydro- 

dynamic influence of the towboat on the towed ship* As 

* was pointed out by £• H, Peters* in the discussion rhich 

followed the afore mentioned paper* this effeot is very 

significant in the analysis of the towing problem, 

especially for the oase of a short tow. This fact was 

experimentally verified by B. a. Berrlllon (2) who 

found that the hydrodynamio influence on the trailing 

ship was noticeable even when the distance between the 

towing and towed ship was of the order of five ship 

lengths* 

To obtain a physical picture of the problem* 

imagine an unpowered ship moving with steady velocity 

aww—IWWIM 
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on a calm aea« The ship experiences a total resistance, 

the sum of frlotional imd residual resistance, of which 

wavs resistance Is the chief part of the latter. If 

now another unpowered ship moving with the same steady 

velocity Is Introduced directly ahead of the existing 

ship, the trailing ship will experience a change in 

resistance* The Change in resistance is largely due 

to the turbulenoe and waves generated by the leading 

ship* The turbulenoe and additional waves affect both 

the frictional and wave resistance encountered by the 

trailing ship. In addition, the presence of the leading 

ship near the trailing ship will give rise to forces of 

mutual action which may be classed as due to local 

disturbances• 

In 1936, T. H. Havslock wrote a paper on the 

mutual aotion between two bodies (3). The general action 

between two bodlea are given and are applied to several 

eases of a pair of doublets which are oriented ih 

different positions. Only the horizontal component force 

is dealt with and the vertical component and moment 

experienced by tht» trailing body are not discussed* 

In a later paper (2), Havelock applied one 

part of the equations developed in his earlier paper to 

a wall-sided vessel of infinite draft. Equations for 

K 
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the horizontal component forces were glvon but curves 

showing the trend were not sho*m. As s.  first approxi- 

mation* the use of an infinite draft Is quite adequate 

slnoe those parts of the shJp-form which are situated 

very deep below the fluid surface do not affect the 

wave resistance seriously* For a closer approximation. 

however, Haveloek does show (4) that the effect of 

decreasing draft becomes appreciable especially for 

small draft-length ratios at high velocities. 

The present Investigation Is an extension of 

the work done by Haveloek and deals with only that part 

of the hydro dynamic force and taoment experienced by the 

trailing ship which Is due to waves and the presence 

of the leading ship. The finite draft which was neglected 

by Haveloek will also be considered. The effect of 

friction on the force and moment, which is complicated 

by the turbulence created by the leading ship, will not 

be discussed. 

mf 
-  M«W»*. . 
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II. Assiiraptlons and Methods in Wave Resistance 

Any surface ship In motion encounters a to Sal 

resistance which ma„ be classified into several mutually 

dependent components• They may be classified as (a) 

f.rlotional resistance which is assumed to be the resistance 

of a flat plate, of the same roughness• length* and 

tturface area as the hull of the ship; (b) pressure 

resistance oaused by preostsre changes due to viscosity, 

especially in the after body; and (c) vave resistance 

which follow behind a ship. Another type of resistance 

is spray resistance* However, this is an independent 

physical effect and is only Important for high speed 

ships. 

In the present state of development the the* 

oretical analysis of wave resistance is. at best* an 

approximation. To facilitate practical analysis many 

assumptions have to be made and thus a complete solution 

cannot be obtained even for the simplest of ship-shaped 

forms. Perhaps the greatest violation of physical fact 

is the use of an ideal fluid and the assumption that 

the wave resistance Is independent of the other forms 

of resistance. These assumptions are justifiable only 

because of the need for systematically simplifying a 

* -* • ITSNltKtt «••*-' «"MW»«;—s-»w» 
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1f* complex problem. 

Further assumptiona are as follows: 

(1) The velocity deviations due to the presence 

of the ship's hu3.1 are small relative to 

the main stream velocity, 

(2) The height of waves generated by the 3hlp*s 

hull Is small relative to their length. 

(3) Trim and linkage do not affect the wave 

resistance. 

(4) Interference betw^tm the shipfs hull ao& 

wa^e system do«s not affect the wats 

resistance* 

(5) The inclination of the tangent plan® to 

1. the median plane at any point on the 

surface of the ship Is small*, 

(8) The fluid Is non-viacoue» of infinite 

depth and unbounded on the free surface. 

(7) Surfftco tension on the free smr^aocv is 

negligible* 

(8) The condition of atmospheric pr-sasirp© on 

the free surface is satisfied at the 

undisturbed free surface and not at the 

disturbed fr«e surface* 

"\, 
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Taking all those assumptions Into consideration, 

the actual physical picture is far removed from the 

theoretical picture with its many assumptions* With 

all these assumptions, the general agreement which exists 

between experimental and theoretical results is very 

surprising indeed* 

There are several methods of calculating the 

effect of waves on the hull of a shlpe To mention a 

few. the pressure changes due to wave motion may be 

integrated over the surface of the hull; the wave energy 

left behind the ship may be calculated; the energy 

dissipation using Raylelgh'a dissipation coefficient may 

be calculated; and forces experienced by hydrodynamic 

singularities (sources and sinks) may be calculated* . 

The method which seems best suited to the two body 

problem of towing is the last one* the calculation of 

forces experienced by the hydrodynamic singularities 

which together with the free stream represent the bodies* 

Legally*s theorem (5) is indispensable in this 

mathod. It enables the calculation of forces and moments 

experienced by the hydrodynamic singularities* The 

resultant forces F^ and resultant moments Mi acting 

on a body whose surface is a closed stream surface of 
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\ the fluid motion, are given by the vectors 

•i a -.r"i X 4 If p miqi 
(2.1) 

where m^ la the strength of a source Internal to the 

stream surface, q£ is the resultant fluid velocity 

vector at the location of the source due to all other 

souroesp p   is the mass density of the fluid, end 

r^ is the displacement of the souroe mj. from the 

moment oenter. The forces V±    have the direction of 

- qj and the lines of action pass through the point at 

which tha source is located* The vectors M^ which 

represent the resultant moments is perpendicular to tho 

plane formed by v±    and q»[# 

The motion of the ideal fluid produced by 

the hydrodynamio singularities and the free stream is 

described by a velocity potential <£> (x, y, a, t) which 

must satisfy Laplace's equation y <j>«0  and conditions 

at the boundaries of the fluids at the surface of'the 

hull, and at the free surface of the liquid,, It must 

also satisfy the equations of wave motion. Of all the 

conditions to be satisfied, the conditions at the free 

surface cause the most difficulty. 
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sfj XXX* Free Surfaoe Condition 

In elementary hydrodynamics problems, any 

body moving uniformly in an unbounded Ideal fluls at 

rest at infinity, experiences, by D'Alembert'a paradox, 

I no resistance* It may, due to its orientation with the 

free stream, experience a moment* Unlike an unbounded 

fluid, in the practical application of theoretical 

hydrodynamics to problems of naval architecture, a free 

surface must always be considered* For this ease, 

despite the use of an idealised fluid in the analysis, 

a body tuoving uniformly on or near a free surface en- 

counters resistance due to the energy required in creating 

gravity waves which travel with the body* 

* To obtain the free surface condition, consider 

a stationary right handed aysten of xys axes in the free 

surfaoe of a stream flowing with steady velocity o in 

the negative x~dlrection* The origin and the x and y 

axes are placed in the undisturbed free surface and the 

z-axis is vertically upward* 

Now consider two points on the free surface of 

the stream* One point is taken near a disturbance and 

the other point is taken at infinity* The disturbance 

is of such a nature that its effect at infinity is 

negligible* For these two points, assuming that any 
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deviation of a fluid particle Is resisted by a force 

proportional to the fluid velocity, the pressure equation 

may be written as 

$ + %[lc+Ptf+$+V;]tl(i+H)-S+»f>+£riz       (3.1) 

where p    Is the mass density of the fluid,  p and 

p0 are the pressures at the disturbance and at Infinity 

respectively and >j    Is the surface elevation from the 

undisturbed free surface. The quantities - (oti), 

" &f* ~4    ar0 tll° absolute velocities of the fluid at 

the disturbance. The quantity u'$    is the force poten- 

tial which introduces the hypothesis of a frictlpnal 

force proportional to the deviation of the fluid velocity 

from the uniform flow c. This hypothesis is adopted to 

keep various integrals convergent in the subsequent analy- 

sis (6), (7), However, sinoe wave resistance Is calcu- 

lated for a frictionless fluid the final result will be 

simplified by letting the frlcllonal coefficient /*' tend 

to zero. 

The quantities ~^> , ~4U» ""4, *c° the devia- 

t.fons, at the di*t whence, of the fluid velocity from 

the uniform flow e  in the x, y and z  directions. 

By assuming that the vector sum of these deviations is 
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C small, i.e., that  ( <t£ + ^* + $*)  Is negligible, the 

pressure equation becomes, 

•f + e^*!*-/•« £ (s.2) 

Now by assuming that the pressure on the free surface at 

the disturbance is equal to the pressure at the undis- 

turbed surface at infinity, i.e., p » p0 , 

or 

^|(X4«Cy (3.3) 

This equation gives the elevation of the free surface at 

the disturbance* 

The general boundary condition vi *.ch must be 

satisfied at the free surface is that there shall be no 

flow across the free surface, i.e., the velooity, rela- 

tive to the free surface, of all particles lying in it 

SviSw     So      uouiftSui/     VU     UUS     BIU>ittUD( J-Jt       l#U<3     Ut]U     SUI'JLtMJt*     J, 9 

given by the equation F(x,y,a,t) * 0, this boundary 

condition may be expressed as 

^£ * P,. -f uP- >*• vF_ + wP, 
dt   t    x    y 
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where u«--(c +•{>), v •*-><£ , w re - <£ . 

In the present problem, the equation of the 

free surface Is given by 

* « ^ (x, y) 

or 

F(x,y,z,t) « z — ^ (x,y). (S.5) 

The Eq. (3.4) becomes 

(0+*x)V*»ty"V,-*x>ts0 (3*6) 

Assuming that the wave height is small in comparison to 

the wave length, the slope of the waves become small 

quantities of first* Then by neglecting small quantities 

of second order, Eq. (3.6) becomes, 

%,-£• (».»> 

Combining Eq,   (3.3)  and Eq.   (3.7)   the result is the free 

surface condition 

f   +  ^*   -/•••<> (3-8) 
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at 2aO} and where  K = g/c  
and ju =/k'/c*    The 

velocity potential which describes the motion of the 

ideal fluid and the distribution of sources and sinks, 

which together with the free stream represents the bodies, 

muet satisfy this free surface condition. 

•-r.-i. : i :-jx-   • - . 
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IV, Velocity Potential 

SJsing the same axes as in the previous section, 

consider a simple source of strength m at (0,0,-f), 

traveling with uniform velocity c in the positive 

•"•-direction. In the absence of a free surface and in 

a fluid of infinite extent in all directions, the velo- 

city potential is 

<J> m m/s^ (4.1) 

where (r^8 m ir •+• y2 + (s + f) . In the presence of 

a free surface, the velocity potential may be writton 

as (8) 

4> a m/v^   -t- 2E v^/v^ (4.2) 

where (rA)
2« (x - x1)

2 -f (y - yt)
2 + (s - s1)

2. 

The summation  ^g m,/r.  represents an image system, 

a distribution of hydrodynamio singularities, in as 

unbounded fluid, which together with the given source 

will produce a free surface. 

Making uiie of the known integral (8) 
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(x2 + y
2 + z2r~ Z* 

for 2 > 0 and 

,.a IT  A® 
(x2t y2^ *2)*~ MM 

P K(»<3 + r z) 
<*K 

for z< 0 

J.   (4.3) 

the velocity potential is assumed to be of the form 

F  !**» 
ae 

-i 

«        dK 

(4,4) 

d$ 

-IT  "<» 
J 

where  S3 * x cos 0 t y sin 0, and only the real part is 

to be used* 

Substituting <p into the free surface condi- 

tion, Eq. (3,8)9  it can be shown that 

(4,5) 

o 



-16- 

O 

I 

The velocity potential then becomes,, after aome reduc- 

tion, 

CO 

« secsdA 

IT 

K-lfflsecld •*• ijiSCCQ 
4K (4.6) 

where 

ri2 ^= X2 -r y2 +• U + f )2 

r~2 = x2 + y2 + (z - f)2 

to « x cos © + y ain 9, 

The limiting value of Eq. (4-6) is to be taken for /*-*•(). 

The first term represents the given source at 

(030-f)j the second term represents a sink at (0„0,f), 

and the last term represents a continuous distribution of 

sources and sinks, in the plane z = f, trailing in the 

negative x-directlon to infinity,, The last two terms 

form the image system which is required to produce the 

free surface (9). 

Instead of an isolated source, for a general 

continuous distribution of sources bolow the free sur- 

face, the source strength m is replaced by    <r dS 

whax-e <r   is the surface density of a source on a surface 

dS at a point  (h,k,-f)  within the fluid.  Applying the 
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C 
principle of Inverse flow, the velocity potential for a 

general continuous distribution of sources in an ideal 

fluid with a free surface is 

O 

CX + U-tHs 
(4.7) 

• pU 

-Jk (TdS St 
w 

w V -ir 

Ak 

whore o is the speed of the free stream in the negative 

x-direction and 

( rj2** <x - h)2 -r (y - k)2 + (z + f)2 

r 2 ~ (x - h)2 * (y - k)2 f  (» - f) 2 

jjj o (x - h) cos tf 1- (y - k) sin ©. a* 
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( V. Source Distribution 

A complete determination of the distribution 

of sources and sinks which will satisfy all the boundary 

conditions is a vary difficult problem. The problem 

is aomewhat simplified by considering a distribution of 

sources and sinks taken over the plane y « 0 instead of 

a distribution over a volume* This is only permissible 

for a narrow ship's hull. If at the point (h,09-f), T 

is the source density* the ioiai au-nuuliu u»«; a CTZS.11. 

area dS is  (TdS and the corresponding flux is 4 TO" dS. 

Considering the entire source distribution, since it Is 

continuous within its limits* the velocity flows outward 

normally on both sides of the plane y * 0- The velocity 

normal to the plane y = 0 is thus 4 TT <r dS/ 2dS « ± 2 IT <T • 

This normal velocity is related to the form 

of the ship by considering the condition which must be 

satisfied at the surface of the ship's hull. The 

boundary condition is that the normal velocity of the 

ship's hull and the fluid in contace with it must be the 

same. The equation which expresses this boundary condition 

is the same as Eq. (3.4). 

jt • »*• uPx*vFy*.WP8*: 0 

/ 
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r 
If y *P(x,e) is the equation of the surfnee of the 

ship, then this boundary condition is expressed by 

(o - u) Px+ v - w Fz « 0 (5.1) 

It is assumed here that the inclination of the 

t&ngent plane to the median plane at any point on the 

surface of the ship is small* This condition is not 

satisfied at the bottom of modern ships* However* since 

most of the wave resistance la due to the upper part of 

the immersed portion of the hull, it is a reasonable 

assumption* With this assumption Fx and Fa will 

be small* and since u * - 6     , • « • ^   and w * - 4j 

were considered small} by neglecting small quantities of 

second order* Eq* (5*1) becomes 

v « • c Px. (5*2) 

Now by assuming that the velocity in the y-direction at 

the hull is equal to fcho velocity normal to the plane y =0, 

^-^=-£§2 ,5-8' 
where     dy/dx    is obtained from    y « F(xaz)    the equation 

o 
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deacribing the surface of the hull. Eq. (5.3) Is then 

the usual approximation for the density of the distribu- 

tion of sources and sinks over the median plane of the 

ship*s hull. 
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VIo Forces en the Towed Ship 

Consider two identical wall-sided sbipa A 

and B, ox.?,  right behind the other, placed in a stream 

which flows with constant speed c in the negative 

x-direction. The ships are spaced such that the distance 

between their centers of masses Is equal to L, The ships 

are of length 2 I , beam 2b, and draft d* Ship A rep- 

resents the towed ship and ship B represents the towing 

ship. 

A right handed system of body axes x#.y» z 

with the origin in the undisturbed free surface is 

fixed in ship A as shown in Fig, (6.1). The equation 

which describes the water plane section of ship A is 

y- b[l - (x/l)2] (6.1) 

where -I  3S x * I  . For the ship B the equation is 

y « bfl -   [(x - L)/lj2j (6.2) 

where  (L«{)4z4(£   + I ). 

Each ship will now be replaced by a continuous 

distribution of sources and sinks over the vertical median 

plane as described in the last section. Following 
I 

r 
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* Eq. (£«3) and referring all quantities to the axes fixed 

in ship A9 the source densities, <7~A and <r~ , for the 

ships A and B are 

(bcx)/(TTi*) 

where -/ ^ x « I    » and 

C^=: [bc(x - L)J /{TTl") 

where  (L - I )Sx«(L t H. 

Prom Eq* (4.7) and again referring all quantities 

to the axes fixed in ship A, the velocity potential of the 

above source distribution in the uniform stream will be, 

<|>— ch -t- 

-p4pt pdpUH -j 

rn»rt 
1* 
ir 

LJ«J-t 

O^dlidf + 

V 

seczed0 
(S.4) 

wWTWrwlIBW<B<S'glggW«>- 
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where u and w are tb» magnitude? of the components of 

q" in the x and z    directions respectively* The resul- 

tant forces in the x and s directions on the distribu- 

tion A will then be 

B. * IT - 

A 
'jttrAdh«df', 

oU 

- 4Tff> | w o-gdh* df • 

M 

I at   n\ 

The velocity components u and w in terms 

of the velocity potential $ are 

1± 

w*~ ML 
2>f 

(6.8) 

m 

where the term (1/r^) <rAtfhdf, the velocity potential for 

a source at any point fx,y,s)» has been eliminated from 

<j) • Then 

-|WaKa*MK:«ttMmi MMW 
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u(h*,0,-f») • • o - <x,a^Mf 

feJ-l •<A-i 

I n» ojdfcdf <- 

M 

r" pk+l 

<TBdK<Jf 

V M 

I   (6.9) 

and 

* K(**f) + lK<h-b>eo*d 
KdK 

i I   K-Ke»er.~e +»/4«*c © 

ilh'.O.-f1) fi^iMi + 

•Z 

TT 
f^1 «<Ll.+ l 

ff^kJf f <rBdhdf 

Irt 

f (6.10) 

where 

I secede 

Air ^ 

fa'- h 

'       J(h'-. h)2 + (f + f«)2 ofTi 

[<b*- h)2 + if -f»)2]V 

(6,11) 

9S»,i(r9M^i:r 
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A X±J£ 

A = f - f» 

[<h'-h>2 + (r-f •>*]** 

(6.11) 

Substituting Eq. (6.9) and Eq. (6.10) into Eq. (6.7) 

Rx s Xl •*" ^ "*• X3 + X4 + X6 *  V 
(6.X2) 

where 

X, m   4TTp c 

'-? 

X2 = = 4TTp 
r*     r^-r* 
(T'dW 

H 

«<(<J^dWf , 

w 

x3*  47TP 
;' pi          1 

<rAW 
-J -xL+2 

<*oJ-*               JoJL-2 

X4= 41Tp 
pj pj 

o(^dUf, 

o^ •2 »•" L-i 
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±M 
OjdMf 

<& 

f* f -KfWl+SKdi'-OcW 
X   s«dde  £  K/K v 

x*- 
»ip2 rd 

"I s«/-ede fi , KJK 

The result for the force    RK    Is 

R8 a  Zx 1- Zg +• 23 i- Z4 1- Z5 , (6*13) 

where 

r<M 
Z, -   - 4 TT <5'if,'di' 

pJ r& 

^« J 

W«, 

Z2- - 4TT, 
Jr* 

<r^U'ii! 
H 

4 rt 
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** f* % 

"!> - 4Tp (T^dh'jf' 

Irl 

Z4 = - 4pKfl 

dfxt 

a: 
/I 
:'dh'<in 

l A 

••n 
c^duf 

r* 
jf(f<-#'K«K(l»-S«)«*« 

u     .- _ - X«l    *   ."     . . 
KJK 

Ze = = « 4 p*( 

<M 
cr^Jf' 

# 
secl6<l& 

^    -K(fVf'HiK(l.-h)cose 
-S MK 

• 
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m VII. Interpretation of Force Components 

Tbo different components of the forces in the 

x and z directions represent the forces between the 

various parts of the source distribution. To describe 

the various force and moment components, the interpreta- 

tion of the various parfca of the velocity potential which 

describes the flow due to the source distribution, which 

is given in Section IV, must be known. 

The first component of R , 

4 irP 
'' (** 2. 

o* 

r/MH' 
-t 

represents the force on the distribution A due to the 

uniform stream. However, since the total source strength 

over the distribution is zero, it is equal to zero. 

For the second component 

rdrt 
X2 *47Tf 

rd 

<«v«r 
M 

/.I 
ot^dfcJf 

-i 

consider two sources of strength m sncl m* at the 
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PIG. 7.1     -SOURCES  m AND m'  FOR 
INTERPRETATION OF   X, 
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pcints Ch.O.f) and (h%0,=f») respectively* as 

shown in Fig* (7*1). The magnitude or the force between 

m and m*  is given by 

4Tf>m m' 
r2 

where x* is the distance between m    and n* • The force 

acts along the line drawn between a and m* and Is an 

attraction when m and m»  are of like sign. When m 

and m'  are of unlike sign the for.e is a repulsion. 

Referring to Pig. (7.1) 

r2 * (h»~ h)2-*- (f + f1)2. 

Then the foroe between m and m' becomes 

41Tpm m» 

<h»- h)2 -h (f + f')2 

The horizontal component of this force is 

4T/»B m'   (h»- h) 

[(h«- h)2-*-(f + f»)2]   * 



* 

•# 

If m represents a oertain distribution over 

en area A in the plane y « 0, we may write 

if JO~Adhdf< 

Similarly if a* represents an identioal distribution 

except possibly for the sign of mf, we may write 

m« *   <TA»dh«df» 

A 
Then for the given distribution of sources, the magni- 

tude of the resultant force in the x-directlon is 

Comparing this equation with the component Xg, it is 

clear that the form and magnitude are the same. Hence 

X2 represents the resultant fsrce in the x»dlreotion, 

on the distribution A, due to the forces which exist be* 

twoen the sources and sinks in the distribution A and 

its image system, excluding that pert of the image sys- 

tem which trails aft to infinity. 
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* By following the same reasoning. It can be 

shown that the component X3 la the resultant force 

In the x-dlrectlon, on the distribution A, due to the 

forces between the sources and sinks In the distribution 

A and the Image of the sources and sinks In the distri- 

bution B, again excluding that part of the Image system 

of the distribution B which trails aft to infinity. The 

component X. represents the resultant force In the x- 

direction, on the distribution A,, due to the forces be- 

tween the sources and sinks in the distribution A and B*. 

For the remaining distribution which trails aft 

to infinity for both distribution A and B, thy velocity 

potential is 

T 

rt 

l_UflJ 

A 
1-1 

<r-AMt     s€c"6 d*  M __ K A K 
K~l^»ec*a + t/i««c© 

o*\r\ J 4.f     Jo 

as given by Eq. (6,4). The first part gives the trailing 

system for the distribution A and the second part gives 

the trailing system for the distribution B. 

The resultant force in the x-dlrection on the 

distribution A for this case cannot be shown as simply 

as was done in the previous cases. However, a little 

mm**:**?-'**- 
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t reflection on Lagally's theorem and this part of the velo- 

city potential will show that Xg represents the resul- 

tant force in the x-diraction, on the distribution A, due 

to the forces between the trailing system for the distri- 

bution A and the distribution A itself. This expression 

is the usual form of the wave resistance for a ship alone 

on a calm sea. 

The component Xg is the resultant force in 

the x-direction due to the forces between the distribu- 

tion A and the trailing system for the distribution B. 

Physically this term represents the wave resistance on 

the distribution A duo to the wave interference caused 

by the waves left by the distribution B, or the towing 

ship. 

With the foregoing interpretation, the force 

Rx acting on the distribution A, may be classed into 

three parts; (1) the wave resistance of the towed ship 

as if existing alone on a calm sea, (2) the mutual 

action between the two systems which may be classed as 

due to local disturbances, and (3) the wave interference 

acting on the towed ship (3). 

Following the same procedure, the Interpretation 

of the various components in R£ may be given. The first 

component Z^ represents the resultant vertical force on 
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« 
the distribution A due to the foroes between the distri- 

bution A «nd its image system excluding that part of the 

image system which trails aft to infinity. The compo- 

nent Z2 represents the resultant vertical force on the 

distribution A due to the forces between the distribu- 

tion A and the image system of the distribution B, agsin 

excluding that part of the image system of the distribu- 

tion B which trails aft to infinity. The component Z3 

represents the resultant vertical force due to the forces 

between the distribution A and the distribution B. Finally, 

Z4 and Z5 represent the resultant vertical force on the 

distribution A due to the forces between the trailing 

system for both distribution A and B and the distribution 

A itself. 

- — \~ Tt-»- 
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VIII* Moment on Towed Ship 

To obtain the expression for the moment, 

consider again the source of strength <r.*dhtdf1 at 

the point (h».0,-f1) in the distribution A. By 

Legally7s theorem for momenta, the moment about the 

center of mass of th« distribution A due to the force 

on this source is given by 

dL«-rX4T>p( <rA»dh»df«) q (8.1) 

where r is the displacement veotor of the source 

(T^'dh'df* from the center of mass of the towed ship as 

shown in Fig. (8.1). 

If the source distribution is taken in the 

vertical median plane of the towed ship 

? » ta» I «* (f • - e ) k" (8.2) 

wh&re "i    and k are unit Vectors in the positive x 

OYiH y ^I«»AA^4 A«« «hv«*4 A.       4 a     4-Vnev     TTAvif 4AH1       ^)4af AMAA VU4U 4* U*A   WV VAVMttp       WM***I %* «s> **        VI/.W        Y W *    V*V«*A      W4>>«VmUVV 

of the center of gravity of the townd ship from the 

origin of the coordinate system. The resultant velocity 

at the point (hf ,0#-*f'} may be written as 

q«u"i-i-vT+-wk (8.3) 

• 
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where j is a unit vector in the y-diraction. However* 

for a distribution of sources taken in the vertieal median 

plane„ the resultant velocity v at this point will be 

equal to s*ro. Then 

r X q t»T ["(f»- e ) u - h» wl (8.4) 

and 

dL « - 4lTp(GA»dh»df») ["{f»- C )u - h»wl J   (8.5) 

The total resultant moment on the distribution A about an 

axis through the center of gravity and parallel to the y- 

axis will then be 

Ly« - 4TTp <rjT(T-fi)u-liV| Mf'.     (Q.6) 

The quantities u and w are given by Eq. (6.9) 

and Eq. (6.10) respectively.  Substituting into Eq. (8.6) 

the moment then becomes 

L * H^Hg+Mji-  .... + Mn (8.7) 

where 
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C. 

\ * 4TTp 

o«-; 

c(f'-e) «'«»,'«•*' , 

«2 *  4Tff (fc«)<r; 
rlrl 

oJ-l 

>'Jf'| 

r<» 

»3" - 4 TTf 

M4 = - -*irp 
rJ « pL+l 

Ms"5" 4'P*. 

I JOJL-1 

ipt pjpi 

J-z J»^ 

T  .        r°°-i«f+f')+U(»,'-h)case 

pa pj f"» op W" * 
4*pU    (*«-«)^fc'if'|    <rBdhd* 

J0J-l J«J|-l 

pir 
secede 

*co-K(f+t') + 'KO>'-J»)co*e 

K-K#secxe-hi/4 seed 
-KdK , 

.-_ ->. 
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C 

M„ -  4 W* 
Ja-4 

rd 

n   " 

rl 
A rr ALU 

»"4 

<8 4TTp h'q'eVJI'f 

M9 = 4irp 
rl 

U'<£HW 
M 

*JH J^ L-l 

M1(T 4 p fc^'JesT 
r<» r* 

±i 

ajdMf 

oJ-f 

s«cz6 46 

-if 

e  •KdK   , 

"U- 4 f K. h\'4tiW 

e<Ll L-l 

X    sec"d do 
. f*-K< * • f) +«K fr'-l^ee » S 

k-K.scc'e -Hjusecd 
-IUK 

As was dona for the forces    Rx    and   R£    the 

interpretation for the various components of    L      is as 
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C 

i 

follows. MJL represents the moment on the distribution A 

about the center of mass due to the uniform stream* The 

sum of the components Mg through M~ represents the 

moment of the distribution A about the center of mass due 

to the horizontal components of the forces between the 

distribution A and (a) the image system of the distribu- 

tion A excluding the trailing system of sources and sinks, 

(b) the distribution B» (o) the image system of sources 

and sinks* (d) the trailing system of the distribution A, 

and («) the trailing system of the distribution B.  In 

like manner the sum of the components M7 through 15-y.i 

represents the moment due to the vertical component of 

the forces between the various parts of the source dis- 

tribution. 

• .*.->*». -- 
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IX. Reduction of Some Integrals 

Many of the integrals which appear in the ex- 

pressions for Rx, Rg and L_ may be rewritten in 

other forms mo?e suitable for further integration. In 

all of these expressions we have the integrals 

and 

V sec9d& 
f *.«<«*{*)+ttf(h'-li)c»sa 
£  KdK 

H2a 

/.<» 

*T 

-r(M'^«K(fc-»i)c»5w 

K-I^»et*e ••• «>t *ficd 
KdK 

(9.1) 

(9.2) 

• 

These integrals may be evaluated by considering 

K  as a complex v&riabis and using a suitable contour. 

Both Integrals will have simple poles within t/ue contours 

and the position of the simple poles will depend upon the 

sign of see 9.. 
w •P^ fM-r •>.*• 

pole of the Integral, the range of Integration with 

respect to 0 is reduced from -IT , T to 0, 7T/2 » 

Then the integration in 9 and K may be written as 

« 
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r? H
i~ z [ * s*i€i* 

_ -Mi*?) 
[•,(M)-VM)]«   KdK (9»3) 

where 

tfeK) 

*z(d,K) 
e 

K -fca«et*d+»/• * e c 6 

-  (9.4) 

Choosing a contour bounded by the positive 

half of the real axis and the negative half of the imagi- 

nary axis* it can be shown that 

~» 
-K(ftf'J 

»2TT s f^Ar.8«fcl«^-fc{f4lWi]} 

(-00 

»,w m(h-hjce*6 
tndm 

+ 1 
l*»(fc-h)c©»d 

% 

I*.I?J 

• 
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where (h»- h) < 0. Here, it la to be noted that /t-*0. 

The expressions for  | (m) and Jf (m) are as follows: 

-z »  K»5ec*« km(W)]tw»»»(n(l+l') 

(9.6) 

L 

Por (h»~ h) > r a Oontour bounded by the poet* 

tive half of both the real and imaginary axes is chosen. 

Then 

M+0 
[ t,M)« 

-K(f*f) 

j *, w • 

KJK" 

r 

m4»i 

»*<«-*») to* d 
•rid** 

I (9.7) 

where again, /H-rQ* 
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Following similar procedures,  it may be shown 

that 

A4-»o 
ef ( »,K) e K<JK 

ZTT; [K~* p^uw^t-^w^jj 

-'I* ,   x   mih-Me05e 
(m)e mdm 

(9.8) 

where     (h»- h) < 0,  end 

i- 
k 

u-*o 
+i(»>K).-''(4t'\« 

$((!*0e j-wdwi 

/.» 

«*• i *,(•») 
-m(>>-K)co5 © 

otJm 

s 

where    (h»- h) > 0, 

"W"«i#>      ' 
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Subsfcituting these equations Into Eq. (9.3) 

tn* result is 

i(9.10) 

for    (h»- h) < 0* and 

f' »(   .f**/   x-si<h'4i)e#sa \ 
Nx * - 2    »*cdd8 jzi   £^(m)e Uml (9.11) 

for    (h'« h) > 0. 

For    N2    the result is 

N0« 2 

-k)a>*G 
w Jm (• 

7(9.12} 

V 

for    (h«- h) < 0, and 
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! r 
I   V K2=2 Z$t(m)e mdm (9.13) sec*6<M 

for (h»- h) > 0 * 

Returning to the expression? for X5 and 

Xg , it is to be noted that they are imaginary. By 

substituting the imaginary part of Bq. (9.10) and 

Eq. (9.11} into Xg and Xg , real forces are obtained. 

The result is, 

x5 * x6 

Sa(m)e        rndm =-<fcpK.j K^f'j kdhJff *eceae| i 

(9.14) 
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r 
Further reduction on this equation la possible* 

Consider the first two terms In the right member. In 

the first term* the integration with respect to the vari- 

ables h and h'  is over the area shown in Fig. (9.1). 

By changing the order of integration, the integration in 

h and h* becomes 

1 /,.#      ~m(h'-h)ee*e 
(9.15) 

r~ 

By intereha*!ging h and h*, the value of the integral 

is not changed. Hence the integration In h and h' 

may be written as 

<?*' 
.1 

I? 

m(h'-Mco»© 
(9.16) 

In expression (9.15), there is a limitation on  (h;- h), 

•i.e.,  (h1- h) > 0. By the process of interchanging h 

and h*, the limitation on (h»« h) in expression (9.16) 

becomes (h»- h) < O. 

Now by comparing the integration in h and 

• •• 
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h-K'-O 

0 

FIS. 9.2    AREAS  OF INTEGRATION  FOR 
EQUATIONS mi) AND (9.!8} 
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• 

hT  in the second term of the right member of Eq. (9.14) 

with expression (9.16), it is to be noted that they ere 

*rt»n+-.'. niu"! *¥AA^t. tm*   4-.h«4i. «1tm.  TVin* t-.htk   aim «f hhm 

first two terms in the right member of Eq. ?9„14) is 

equal to zero. 

By a similar procedure* the third term in the 

right member of Eq. (9.14) may be rewritten in another 

form. For the integration in h and h', 

r l 
1 ._.. <£'4f»' <^ ^[^(h-Mseceldh, (9.17) 

c 
by changing the order of integration and then inter- 

changing h and h', the result is 

^   * 

<rM' (^cd5f^(».-h)*«te]jb. (9.18) 

Referring to F1&. (9.2), expression (9.17) 

represents area 1" and expression (9.18) represents 

area \/ ,    Since cos ^(h1- h) sec el  is symmetric 

or even about (h»- h) e 0, the total area may be 
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written as 

1 '-1      i 
Then 

\VmX»t 

<rA'iM ^"^(^Ms^ejdh » £   Ojtdh'l (TttoslW-Usectidh     (9.20) 

f 

where the limitation on (h»- h) has been removed. 

Thus the third term In the right member of 

Eq,> (9.14) may be written in the form 

-ItpTTkJ 
rJ i-W 
Oj'AVf' 

cM 
n JWf     *«t6e ca>{jt{h^)set6[d'&    (9.21) 

With these reductions, the force R._ becomes 

RT «   X, .•  X2 t  X, •  X4  t Xfi»t Xg« + Xs" 6   T A6 (9.22) 

o 
where    X^,    Xg#    X.^,    X^,    are given by the equations 

••• 
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i 

( 

V 

0 

& 

following Eq.  (9.12), and where 

.j-i *J-I <•¥ 

Xe« -   - lSiifofc* 

J; u 1 • •   • 

For the force RR, as expressed In Eq. (6.13), 

all terms are real. Hence when substituting Ng into 

Eq. (6.13), the real parts are to be taken. The final 

result *s 

Rs * Zl •*" Z2 + Z3 *" V * V* Z4 * V * V   (9*23) 

where 2^, Zof Z3 are given by the equations follow- 

ing Eq. (6.13) and where 

V —*rd k'A*j k^w*[^»w[i;M«*,',,"4,k0*#w.M, 
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V * - 16 p.k 

in ZJ*.-- 32TpK; 

J,(»»»Je n>dn; J O/JM' UdMf 5««*ei© I 

Jl      J *    «¥ 

V- 18 eK,. *dde 

o—2      •'e-'t.-Z    "*• 

$.(m)« .      ""dm 

7 "- * - 32TTpK0* 

,««»>* 

^'JWf 

oM L-2     4 

There Is no corresponding cancellation of 

Z ' and Z " aa was the oase for Rx„ Also, Z^" 

cannot be reduced to the integral over the entire dis- 

tribution A because the factor sin|K#(h'- h) sec Qj 

is not symmetric about (h'~ h) * 0 

By following a similar procedure, the final for 

form of the moment L  is 
y 

0 

h = 1^ •*- M2 -t M3 -h M4 +  M5» *- Mg
1 + M6" 

t M7^M81- Mg + M^M-J+'M. 10 

• Mii+ Mn 
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' 
where VU,    M   M , M. arid %,,    Mfl, *g are given 

by the equations follwolng Sq.  (8.7) and where 

•I 

s «fc 6 e ct*\tjhHi)*ee©Ji©f 

B6 •-  '«>?*, [ [(f'-*)^*' 
f ri 

J. 
.   .   m(,N-)»)c«Sd     , 

(^Ckfc'JMf 

L-i 

pip/ pipfc' rf 

rJ#*J 

"IO"*^ 
K'^'4*'^' 

j,j.t 

ir» r| 

V"« 
•V 

<|0 

sec'ddd £,(*")« m(fc'->i}6a»6 
i (M. 

--    Ul          ,,£ 
io ,* pi re P| 

I '—' la' l#» n w^ «• or VA " " " ' 
5. 

•i                     • • * A'           J 0 

L% ^^^.n IX/k'-M *«*o] je, 

Mji-lifK. 
o» 

pd pltl pf 
seczddd 

•• L-J «. 

11    ^TN 

i^ 
QLikif     **£&&' *sj./V.(li'-fc)««elcJd. 

.J-i J»J t* 
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X. Evaluation of Components of Rx 

In the foregoing discussion, the expressions 

for the forces Rx and R8 , and the momsnt L_ act- 

ing on the towed ship have been formulated. To determine 

the variation of these forces and moments on the towed 

ship, the various integrals Involved must now be 

evaluated. The evaluation may be by direct numerical 

Integration for a particular case or the integrals may 

be evaluated analytically for a general case. In 

either case the amount of labor Involved is consider* 

able. In this end the following sections, the analytical 

approach will be used so that later numerical calcula- 

tions will be applicable to any p&rticular case within 

the limits of the problem. 

The present section deals with the various 

components of the force Rx#  By using Eq. (6.3), the 

equations for the source densities of the well-sided 

ships A and B, the first component of 2  becomes 

4f be 
X — 

i-<* 

*    P h'dh'df. (10.1) 

•I 
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I I Since X^ is an  odd function in h» with 

limits of integration -/  to  / , Xx • 0. This is 

to be expected because, the total source strength Is 

zero. It is in agreement with DVAlembert's Principle 

which states that, any body moving uniformly in an 

unbounded ideal fluid at rest at infinity, experiences 

no resistance* . 

The second component cf Rx is 

*2 
4pfcZ 

I1 

It represents the resultant horizontal force on the 

distribution A due to its own image system excluding 

that part of the image system which trails aft to 

infinity. To show that this component is also equal 

to zero, consider the function 

II f(h»,h) h«h (h»- h) 

[(h»- h)2*- (f + f»)2J^ 
(10.3) 

u 
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By interchanging    h'     and   h 

f(h,h») « — hh«   (h - h») 

[(h - h«)2+(f + f»)2]** 

or 

f(h,h')«- h»h (h'- h)  

[(b'-h)2t(ft f>2]* 
(10.4) 

Thus 

f(h»,h) « - f(h,h*) (10.5) 

Hence f(h%h) Is skew symmetric about (h* - h) - 0 

and for the limits -I    to I    for both h?  and h, 

>:« = 0 (10.6) 

The third and fourth components of Rx 

represent the resultant horizontal force on the dis- 

WPWWWta.^ 
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trlbution A due to the distribution B and Its imago 

system, excluding the trailing distribution* Because 

of the presence of some common terms in the process of 

Integration, it is convenient to evaluate these two 

components together. With the definitions of the source 

densities given by Eq. (6«3) 

X* + X, In* 
r*ri 

J0*J 

jjpj.*! 

b'iUU' (h-L)(oir<*4)dWf (10,7) 

L'l 

where  «<,  and <XZ are given by Eq, (6«11). Integrat- 

ing with respect to f, f*  and h» , the resulting 

expression after some reduction is 

x3+ x4 
4pfeVt 

(10.8) 

where 

JZ-#***L~ 
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h.,h ([ft.^^]*.f(h^J.j*.Jt|iifa^.i| 

a  wt I — ' " B     i J    f j {!.•« I J 

+ 4 
1 ^ 2 

4Xin 

and 

I2 » hj[M)a*4J»J* - [(k*ir+ 4J*] 4 

2d tj »'+l>dWJ* Zdih, ii+][!brf£±4i^ 
(h+l) 

t 

+ ***"** 
M)*Qi»t)V4*]i|j 

'p"i HI 
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The exact integration of Eq. (10*8) with 

respect to h is a long and tedious process,  the final 

result being very lengthy. A process of numerical 

integration also involves a great amount of labor but 

is more suitable because the result Is more concise. 

For numerical integration Eq, (10.8) may be written as 

v*«-^ f[-8(^)(VVA,+^; 
24 

"•4(Af+v^) + 2M)^V^+A«+^) 

-(A„+Al3-M,4)] ty 

(10.9) 

where   h - (h - L)/2Z  and  </ • L/2 Z • The quantity 

cA  is the ratio of the distance between the centers of 

mass of the two ships and the ship length. With the 

definition fi * d/2 I ,  the ratio of the draft to ship 

length* the terms in the integrand are defined as 

.1* 

t 
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• 
A,-  -2^iv t?+ {t*(W)-q2+4fi*y' 

2 Id* 7y>—i 

4=   ZfiU    *» + j&g^^Vjj^l 
Z(<A**)-M 

A5= £ [2(-n-JSr)-iJj[^+^H]*+4^|     , 

1* 
6 «-^[2^n)^»][[2Mt^)+»j%4^r 1 

A  » Z/5*>Uv [}t{«i+*HJ + Uifr+ti-i] + 402}21 

*J* 
.7* A8=   {[*J«l+^-|J*+ »*/}        i 

A9=-[[2{^*)i-l]*+Jt(5Ha   , 

A10=--f^ 4^+ {[afr+»Hj*»K<g*}* 

2(*+^>-8 

:..• 
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• A11« 401*, 

A14« 5^iv &^Hj+i&i<^Hj
:V i^8}1 

[a^>+lj t {[^*»->?)*']2-t-/4|S*}* 

By choosing values for d   and ft   , Kq„ 

(10.9) may now be evaluated. The procedure Is to 

obtain the ordinates of the integrand for several 

values of >}    within the interval - \    to + Jo Then 

by Simpson1s rule the approximate value of the integral 

may be found* 

This force is analogous to the mutual at- 

traction bet-ween two bodies? As is to ba expected, 

preliminary numerical calculations show that X, ±  x4 

is a very small quantity* Individually, however,  X3 

and X4 are not of the same order of magnitude as 

- 
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their sum. They are ju3t about equal to each other In 

magnitude. One Is positive while the other Is nega- 

tive. Hence their- difference Is very small. 

The oomponent Xg* whloh represents the 

wave resistance of ship A as If alone has been evalu- 

ated by T. H. Eavelook for a distribution of doublets 

Instead of sources and sinks. It may be written as 

w* 

V- -ifcTTpK. (FN-Q*)sec5dJ0 (10.10) 

• 

where 

P    f 

J J s, 

<T^[ift(*Lh)^J."*
,WWtdM» (10.11) 

The results of the integration of this com- 

ponent for the wall-sided ship described in section 

VI are summarised in the Proc. Roy. Soc.s Ser. A, 

Vol. 108, pp 582 - 591. 

The component Xg* gives the resultant 

horizontal force on the distribution A due to the 

forces between the distribution A and the trailing 

•      . 
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system of sources and sinks for the distribution    B. 

With the substitution of the source densities,  it be- 

comes 

Z  I 
x  »„ »»P*,b> 

6 71* 

dpi r4pL-*l 

Mm (h-L)dWf 
4 

^* 

v !   F       ^   m(h'-h)cwe I 
(10,12) 

where 

_ ,    *       K<,*eczd Urn hi ({+*'/{ - m cos m(f»-f'} 
^(m)*   *- J  (10.13) 

and    (h»   - h) < 0* 

The integral 

sec 6 dfi 
K6*ec*d [«»•» "rfj - mt« wt   -Mxcase 

 c jwJm (10,14) 
•*• 

rP+Kfsec** 

where    x > 0    has been evaluated in terms of the two 

..  . . 



-66- 

variables x and f by the Rational Physical Labora- 

tory (Teddington, Middlesex, England) and has been 

tabulated (10). A numerical method of evaluating Bq* 

I10*12) is possible by the use of such tabulated re- 

sults* However• it will not be pursued here as the 

range of tabulated values is not sufficient for appli- 

cation in Eq* (10*12)* 

Using the substitutions   v « m/ K0 , 

K0(h - h«) » H.    K0(f  f«) • D and integrating with 

respect to ff • Eq* (10*12) becomes 

?.i 

V 
It ?K0Fc M (10.15) 

where 

J 
^cd[Msecae-^J<!9 

«i(fW) 

'*,f 

(10*16) 

M 
T»l+ CCS4 6 

(10c17) 

The limits of integration  K0f and  K0(f *• d) 

.',.;- • i 
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* 
are to be substituted for the variable D. B7 using 

the Laplace Transform of cos -*S       Eq. (10.17) may now 

be written as 

—! 1 1 cos VPcos -vf I e 

K   lit****)***"****. 

(10.18) 

By writing 

tt>S~OX>tCsV% sr ± [cojV($+P)lrCOSV({-p)\ 

and taking the Laplace Transform with respect to 

M = : 
s«c8e 

j M We +(f*P)2   HW»t (£-J>)*j 
(10.19) 

The derivative of Eq. (10.19) with respect tc  D is 

dD 2Stfc*e 

j 
dD 
 !  + 1 1 
H We+(f+9)x H We «• I *-«;] 

,*e r-  -     . «• 



• 
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or 

4tf —»     I jj ! 1  
z sec 6 j 4£ [H We + ^-p)*     H We t &-D)1 'e<Stt\.    (10.20) 

f*°r -1 
dM =     H » 1    -£s«c*e 

dP ~" ZSet9     MW6*feTP)*      HWe-K£-P)*| 
it .        (10.21) 

* 

Then by substituting Eq.   (10.19)   and Eq.   (10.21)   Into 

eq.   (10.16) 

*a; 
MgBt«e.dM___iL. 

dP secQ HWd + GT-p)1 
.'*~*2* QO.22) 

Using the transformation A«?-D 1 Eqe (10.22) 

becomes 

4P 
-P3C£*0 

sec© 

» 
-Asct'd 

<iA. 
HWfttA2 

-D 

(1C.23) 

•-'.^V:--.u..~r*~,.: ' •-., 
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Then from Eq« (10*16) 

*1+ I8--H (10*S4} 

K.« 

Now by usliig the transformation tan 0 « x and inte- 

grating by parts 

« 

h. + x2 - -[ Hd* 

J^ <H-X*)£HMI«*)P*J 

HXc 
-A(I+X*> 

&4*+ (i+x*M*J* 
A 

(10*25) 

By lotting x bo a complex variable and 

choosing a oontour consisting of the upper half plane* 

the. first term in Eq* (10., 25) may be evaluated as 

*j*  « JL.fi-   p  J  .     (10.86) 
(itx») [«S- (|4X»)D\J   zH L  (HS-P»)*| 

It can be shown that the second term in 

usiiin' *e3S*wt».-~. -'-" 



- 
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Bq» (10,25) is of the order l/Hs » For practical 

purposes the magnitude of H Is auoh that this term 

may be negleoted* Then from Bq. (10.16) 

X6«t tl4  I II H  nAiWMN 
J H VI V •»" •"• « J 

M^) 

M 

(10,27) 

Now by completing the integration with respect to 

h»5 t    and f» and using  f«(h-M/2l   » **L/2t 

and  p « d/2l 

o 

X 

4fc**i (V *») * ***+>*) (V Bw) 

+ 8 (4+H)fe„+8rt)-8(*+))(^,t Brt)] *"} 

(10.28) 

where 

Bg =-[z(<<+$)+l] f [f |***>l]% 4(5*} * , 

•'•'•"'-•.r.,    . ;^**wa»WG^«^w^i-" 
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•• 
H" L*^*>"1] [&**m-»j +IM"J* , 

B4*-[a(*i-^)fij([aW+*i>'»i]*i,i*<»*}    9 

B5= /3*jU [<(*HH]» {[gfr^KA'*?')*' 
&(«»+lHiJ * {[^^JI-IJV ^]i 

* 

B-« £*&», '6 

V {&f**>-,]s,+ 'V*}* 1 

5« ~8 -   [[*(4**)*l]V40*]* , 

n   = 
'9 

lit B10-  {[»tt^Kl]*+ «(»*}* , 

:     i   g  -^^^^Ig^lW^CTg^^^^,,.?-^^^- - *• 
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-- 

B^ fiU 

Bio-'fil*, 

B13 * >*!*, 4<3+ {&«**>-»]%• wj* 
2(#<+^)-i 

-,-»« i 

14 

• 
Then by following the same procedure as for 

the component Xj  *4, Xg» may be evaluated. 

Finally* the component Xg5 which repreaenta 

part of the force acting on ahip A due to the wave 

interference cauaed by ship B may be written as 

• 

X6 

.s«J» 

J.J 

MM' 

A 

(h~L)ibli 

l-l 

9ec.de oaf ]«•(»-«) Me 6JM 

(10.29) 

-•*..• "*.      , ... „   . 
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Integrating with respect to h, t,  h» and f• 

AA    «-——— 
6 Tltfl* 

S 
[l-e^^J^tflWw* c*f*)«*(v.s*ce) 

»>• 

+ (^*«»%-<:*sJC}co3(Kel.s««d«)+2tCt»a^5iM^.1«fic«) 

+(tjl*cc*6-i**%)c*>(KJLtStc6) -z*,l<*a$»it> (*>l^sec6 )] d$ 

(10.30) 

• where    L-, « L - £/        and    Lg * L t- 2 2    .    In complex 

notation    Xgn    may be written as 

V 

^   U..I X   .1   r     _*i /-» i.»T(j     « ! 

feel port tff [«oA(jWl«e*ti)Vl!l*a*#e#j\e,d 

r (10.51) 

r. • 
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To evaluate X6"„ consider the first lnte* 

gral, 

Letting    p « 2 K6l      .        K0 * «   jfi p    where    fi * d/2Z and 

using the transformation 

see 8 « 1 •*• t/p (10.33) 

with 

<16 it 

M)*0*U {••£)* 
(10.54) 

the integral    Jx    nay he written as 

# 

»»«— l«MI  ("III.   tr» 

x[(.^r%»Kr]a 

- (10.35) 

• ^PtSWb*wwSPh»»-^.-.''-*•**»' 
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4 
where  <<-L/2?.  . E«eh term in the expanded inte- 

grand la of the form 

-4* r^ * e * 
rrfr-*»-Sl 

**o 
**(»•$)* L(«*W4 f(.**)*J 

(io.se) 

where V V.akea on the valusa *>, 2 fi    , 4 jS . 

A eloae approximation to eq« (10.36) may be 

obtained by expanding 

'"^[FTT^RJ'] 
in aaeendlng powers of 1/p and integrating term by 

term. The result of the expansion is 

• (10.37) 

For practical values of p « 2 Ktl       ,  the expansion to 

C-*«*" *-<*,: 
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il/p3 la sufficient. With this expansion, each term 

In Eq. (10*36) Is of the form 

(10.58) 

• 

where r «0, I, 2, 3, ....   • 

To integrate these terms, i'u» known relation- 

ship (11) 

f -at £-1    .x 
« t  ot-i rfe) (10.39) 

where the real parts of x and s are positive and 

y  (z)  is the gamma function, is used. In the present 

notation Eq. (10.39) may be written as 

f >i-QriJa)t 
t     e « TW)rV***)u        (io.4o) 

* 

where 
t-OVert"* 

d« aretAh «-g»    . 
•> 

(10.41) 

->s.^ss-:J?fl«^ 
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Using Eq. (10*40) and the expansion given by 

expression (10*37). Eq. (10.36) now becomes 

X«f«il fsrt •* ^XlT* fa(«)-*«*W>*e^Q,w]  (10.42) 

where 

<*< r) - sV^[|rA*** § A*,#]x 

**• 

ri221£y»i#*^ oar****..*1* 

-. SZSZf vctti4 . i»!2af*t.i*» 
10x4 T* e      t"S7r* 

t{«^^fA?i*]J.J + .... 

Y    (10.43) 

with ^«C, 2 #  , 4 (5  In turn, and  8 and 0 

being defined by EQ. (10.41) 

fwvta 
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Now consider the  second integral In Eq. 

(10.31)  and let It be denoted by    Jg. 

J* ffeai fart of jVe*WT 

X [-A K«e«a^)V»^»"c*] d* 

(10.44) 

Using the sane substitutions as were used for    Jlt 

t Jg " feel part of 

(10.46) 

» 

where      </'* Lj/2 Z      •    Following the same procedure 

J2« fol^t *f ^^£T*£^)-2;^(^) + c^W]     (10.46) 

where 

r - 
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Qgfr) - sv*'%[-f«*«-*'•- fiW-.AiWl-L. 

•(10.47) 

• 

with  r~Of 2/6 , 4^3  in turn and 

0 = arotan o<'//. 

Similarly for tha third integral in Eq, (10.31) 

denoted by J. , 

(10.48) 

• 
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the result Is 

J3 - Re«l f*rt ct t±—. T*[^.«rt-«^f^«V)••*PV*»I    (10.49) 

*here cC^l^/Zl      ,  and Qg( V) l» the sams as Q^ Y) 

with the negative sign on the exponential factor 

chang«d to a positive sign. The definitions for  S 

and 9 are S-C^VCATj and 8 - are tan *'/*. 

Finally by substituting J-,, J9. and J* 

into Bq, (10.31) 

x » - - «P»V' f T  T  t 1 
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XI. Evaluation of Components of Rs 

The first vertical component Z^$  the resul- 

tant force on the distribution A due to the forces be- 

tween the distribution. A and Its image system* exclud- 

ing the trailing system of sources and sinks, may be 

written as 

4Pfc*c2» 
dr* 

k'eVJf' 

'•*i 

h0tl'n£i (U.l) 

t where 

f + f • 
*  =  . 

'   [(h»-h)2 + (f + f»)2]^ 

Integrating with respect to f*» f and h* 

n* 

z,« - 4PbV 
IT I* 

U C(h)lU 

I 

(11*2) 

:.• - •. •:•-, . '• "yw.v 
• 



-82- 

* 
where 

-udf'(hfi)- i erf(fl) •i-.-ftjf)} 

+ 3 Ah kihir^ifcl) * ««l,'1(b±l) + .,nh"*(^J 

-fihfcT Ytf)} 

•     (ll.S) 

• 

Aa waB done previously for the component 
x3 **" x4 » the integration of Eq. (11*2) with respect 

to h may conveniently be done by numerical integra- 

tion. By lotting  T • h/21 with   p * d/2 I     , 

Eq. (11.2) may be written aa 

-. 
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V- **£**   {vrC^v^PO 

t T(l+4t*) j>, * **+ D7 t P8J 

+ 80T* j"p  • p    +  ©    «.  a   "|1 Jfr 

>" (11*4) 

share 

* 

DS*-[(«>»)^ "<•*]*, 

D4~   [(*T+l)*+ /6<3a]      , 

D « U  8** ft«*-0'+f *J* 
(zT-l) 

. • 
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D6 *-«*  ~ 7 

' («T-I) 

n, . 1L 4* + Q«T»l)»+ia#«J* 
8 z     (zr+i) 

D12~ ^ f (mi) •["(tTtlA »*<*] } 

By choosing values for fi     and using 

Simpson*s rule, Z^ may now be evaluated. 

Cv. 
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The second vertioal component, Z2 , the 

resultant vertioal force on the distribution A due to 

the forces between the distribution A and the Image 

system, excluding the trailing system, for the distri- 

bution B , may be written as 

JTl* 

r>i 

*" 

t 
WWW 
•I 

rifi-+l 
(11.6) 

where 

f + t • 
^ = [(h.. h)

2+ (f +f«)2]* 

This component may also be evaluated in the 

same manner as the horizontal component X_ + x. • 
C    4 

Integrating with respect to f, f and h' 

Z .-<£!5£.* (h-L)C(ll)Jh (u.e) 

where C(h) is given by Bq« (11.5). Then again, with 

ismsMmiitBam^mmmiamamrmmx JKm»gffuwi,ii'i>wieiii.iit»iHaaaKEtfi*£- 
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• f *  (h - L)/tl      ,    <t*L/2l       ,    p*d/2Z 

ior»*c"" Z    * 
2 TT ?£apfc+^+i»+*i) 

X 

• 

(11.7) 

where 

Kl*  {[*(*"» -«]*"* 4^*}ii 

€ 
•• —{[K^hi]**^']*, 

^--{OK^HjVa^}*, 

B4*   ([z^+>l>+lj%l*<5*]*   , 

ER=  ^ "5 
^t {frM+D-ijy***)* 

2{44^)-i 

• 

- * •".":";'-   • . 
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E7~ ft* 

V i*~ 

A&+  f [«(<»%)»i]% u<s») 
A + l 

(«M-*)-l 

4<g* {E*u+«i)*n% »*£»}* 

2^+»|>^« 

S9*-JL 

^o- ^ 

Again* by ohoosing values for c/L  and /£  » 

and by using Simpson*a rule, the approximate value of 

the integral may be found* 

The third vertical component, the resultant 

vertical force on the distribution A due to the forces 

between the sources and sinks in the distribution A 

and B • is 

*.*. 

Hm 4pi>*c 
TV* 

.1 

hVfe'.f' (11«8) 

i;ift ..••--• 
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whers 

f • f» 

[(h»- h)8* (f* f»)8]* 

That this component Is equal to sero Is not 

•vident fi»0B Bq» (11.8). By integrating with respeot 

to ff and £ • Z3 may be shown equal to zero* The 

first Integration with respeot to f gives 

i 

z« •• 
r: 

u-l 

(11.9) 

where 

P ^ 

[(H'MW)*]* [(H'JVf'J* 
(llolO) 

* 

with H« w (h - h»), 

Then by integrating with respeot to f , it 

may be shown that 

Z. » 0. (11.11) 

**  -,..-. ••s»**.— -••• ..-..-; 
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The component© Z  • s Z " , Z_f mty w #valu- 

atod in the sane manner aa Xg'« By following the 

same procedure, it can be shown that these components 

are of the order i/H2 • At in the case of the horizon- 

tal component Xg« , these small terms will be neglec- 

ted. 

The components ZJr    and Z.** can be 

evaluated in the sane manner as XJ1  » The component 

Z"1   represents one part of the resultant •ertloal 

force on the distribution A due to the forces between 

the distribution A and the trailing system of sources 

and sinks behind the distribution A. Substituting 

the definitions for the source densities it may be 

written as 

. w 52<>K,Vcz 

tfl* 

M 

li'sk'sl' 

«»«J 

»<pt 

uua 
•Jfc' 

'      (11.12) 

ae« 0 e J»»M fo(h-li)*«c»j <f 0 

Integrating with respect to f, f, and h* 

y   '  '     1111" «   i mHiiwiruniiiMiiwMna 



-90- 

*• 

V   HI 
rf ̂ /r^V^^.^^^^ 

* •£• «wfo £09 (?»«&») -J- f-CSddJdd 

(11.13) 

where p » 2 i^i and  /0j» « &<( • 

In complex notation, Bq, (11*13) may be 

written as 

• -. 
126 rfc* 

fi- 
^p*e**6 j * 

'^.ptrt rf {eeiV[aee* *£]« **"* 

+ —ceoe 
,3 

<*d 

1   (11*14) 

Using the  transformation  (10*53), Eq,   (11,14) 

becomes 

a       t2flpi»gc& i, ,    »    »p »    T 
(11,15) 

.'••>-'.„-,.- ... 7***~; Mi.-vsaMM,-?' .-.,„-.-.   • 
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where 

I5- <!%    (11.16) 

Whoa expand»d, each term in Eq. (11.16) 1» 

of the form 

-I? 

where    Y    takes on the value    © } tfi f A & 

Sow by expanding 

.-gp»*)»VJ' 
(••f)'(»i)* 

in ascending powers of (1/p) and using Eq« (10*40)• 

Eq0 (llol6) may be written as 

« 

S3 = T* [<^(«)-«<*''^(«(3)*i""
,^(^)]       (n.17) 

•-•"xawnig^iimW. 
**»1HK» * ,i, JS'_  •• 

•' 
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# 

where 

Q4( n- tK*\ £#««.*•-* **.*'•• 4JA*^ 

with 

(ff^-^r'r)A|i*+(!iri'r-^)5Ui' + l« 

(4^!sy-i)$</!%f j*.1'*]^ -t- *»» » 

I»(r%.i)"*    i 

0 « aretan     y  . 

How returning to Bq.  (11.15), 

I,J, 

,   _     -..,.*....-:..-.--a • • •   . 
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f  |-,-^~*j\«#-§# 

By expanding 2q*  (11.18) 

T co» & 46, 

(11.18) 

(11.19) 

• 

The first term la equal to one. The last two terms 

are of the form 

V [ 
I 

where £   equal"  K0 d and 8 Km d. 
o        2 Bj uaing the transformation see*8 • It t 

I4« * « 

so 

(11.21) 

..- .< „"'...-*.'• 
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Eq. (11.21) la In a foi*m euob thafc the confluent hyper- 

geometrlo function (12) 

WkB(  f   )»   «      *   .       (|t*) (|tt») #   *   frJ)Mt (11.22) 

may be used*    When    k s m « -J 

*•*»•*'" "r«5 "•'''V*' «11-8S» 

Henoe 

V •«"*   <i*t*f*«" 4*»W     ,($)**. (11,24) 

Then 

I4 • /-2H/x       (K^TT*-* iV      , fak^)T*. (11,25) 

For large raluee of J£j *k«n  Jarg £|< IT-'}'<7T, 

i TI '•"ww'iiiaiiiiiiniiHwnMimmiiMtinnniiiimiiiiBpii»iii»ii I»H   an   i        .„••...-.:-••-• 
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the asymptotic expansion of W.  ( $  )  la given by the 

formula (12) 

W, 

(11.26) 

When    k « ra « -£ » Eq.   (ll#26) reduces  to 

-*»-* *    L   1    *!•   JMf»    41-Mfl       J'      (11,27) 

The expansion of the confluent hypergaometrie 

function foi* all values of    £     such that | arg % \ < IT ; 

and, for values of arg £        suoh that        TT< ) arg £| < -|"IT 

ia  (12) 

w k,m ' * ) = 
.-**-* 

airi nf-if-w+i)r(-K+«,+i) 
(11.28) 

When    !s e S  s   —a 

*-*.-*< * > 

£*f£* 
XTT| 

,»» 

r(<)r(-**f)r(-«+*) 5 

-001 

(11.29) 

I.IT • >a»- •ttttn»jaWj»fr»w«M.f. •;;.. *•**» nm\mwtwwamsmm «»/*Wft*M^Sk**Kr,-«M«— 
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The integral may be evaluated by calculating 

the residues at the simple pole when s •m fa  and at 

the double poles when a s 3/B. 5/2, 7/2, • . • • 

The calculation of the residue at the simple pole is 

simple enough but the double poles pose a more diffi- 

cult problem because the residues involve logarithmic 

terns. By using a known result, Eq. (11,20) may be 

evaluated without calculating the required residues. 

When k s m s -5/2 Havelook gives the 

re si ult (4) 

w   KB \ *i'V-"*,[-^i^l-#*f 

„75T(n-ri)r(»»-a)   v *   e»i** » p  • ri   , 

(11.30) 

where t    Is known ais Euler's or Masoheronl*s constant 

and is equal to 0.5778157 .,..  • ( As a point of 

interest, the value of  Y has been calculated ~y 

J. C. Adams to 260 plaoes of decimals. )  (IB) 

Prom Eq. (11.50) Havelook obtains the result 

/ 

•. 
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z 
cos '* «-,5~'^ - *«-'{<-*•** fti^/g *"a ** 

--.'•••••(iAtfAft^-)^ 

^  (11.31) 

By differentiating Eq, (11.31) twloe with reapact to 

J   » the required Integral, Eq. (11.20), may be ob- 

tained without calculating the resides at the slrpl* 

and double poles. The result la 

cas 8 c <je-e y*a»*it* «a* 3*72 

(iI^»%{lV/*- )^*r*} 
(11.52) 

By substituting the appropriate expression 

into Eq. (11.19),  1^ may now be evaluated. 

Another method of evaluating Eq. (11.21) is 

possible. Integrals of this form can be evaluated in 

terms of Bessel functions of the second kind of orders 

zero and one. Consider the Integral (13) 

w^wMMmMwomu   .. .•••../.•aBHpwB -•• mm ~.J*C'~ 
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« 

J-tt* 12*} 

1 ̂ ^H^Ttt-S^f ^W** 
(11.33) 

where n is an intarger. 

This say be reduced to tha general tovm 

gn-1 
'2n*-l~  / "2n-i" 2*  L8n-3 (11.34) 

Starting with n <• 0, it can ba aean that if L^ and 

L _ are known, all tha other L'e may ba determined. 

The definition! for L, and L , are 

Ll- 

'-1 

s 

(11.36) 

(11.36) 

*&iy~KT"~»   T3».Jto-.-. • 
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4h« 
To evaluate Eq. (11.31), from Eq. (11.S4) It may be 

written that 

L-5 * 
-ft*  -4 
8   i'i+t*)  4* 

- 9irrL _ t 1 

(11.57) 

By applying the transformation t  sinh 

to the integrals L^ and Lm^ ,  they can be trans- 

formed into known expressions for modified Bessel 

Functions of the second kind K^ and K* (14). 

-1   * ±J *.(l) 

h -*•*[*<*)* *;»)]• 

(11.58) 

Sine* the functions KQ and &• are tabulated (14), 

L_3 may now be found from Eq. (11.57). Hence 

BTUSW^ li IMVWKM • *>>»« 
-"•"HV.     "/'    .,_  -»•"'* 
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I « 
,p 

-1 _*** 
(l4t*) %    Jt 

•4^*P«*)-*(1fl. 

(11*39) 

1 

The latter method of evaluating I.* appears 

more oonelee and wiii be pursued here* When  J" = *r0d 

V - fMe"^ [r,(^)-I.^)J . (U.40) 

When     J m * K0d 

I4« *   K0d e 
*M [*,(*<•) ~K.<M)] (11.41) 

(ft 

Thus* from Eq.   (11.19) 

x4«i 

(11.42) 

.._     .     *ft»*~ v.       • - . *ii.,-a    ... 
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How by substituting I3 and I4 , Eq. (11.17) 

and Sq. (ii« J2) rssj^ofcivoiy, into Eq. (11.15) the COItt= 

ponent Z^"1 nay be evaluated* 

The vertical component, Z" # one part of 

the resultant vertical force on the distribution A due 

to the forces between the trailing system of sources 

and sinks behind ths distribution B and the distribu- 

tion A Itself0   nay be written as 

Z5 - *&§** 
*•** L-i 

X 

*e<e {*«(#!>' Kjih'-h)3*c* MM JA 

• (11.45) 

Integrating with respect to f . f, h* and 

h and writing in oomples form 

Ze"»- 
*J* rf 

[l.^^^V^^W^^^eJsm^L^ce) 

+ /moj.port ct J^% fcletc* • 1)>«,%M-J*#) ] •(11.44) 

"•"• - —I^ITI isnTrnffTim mura rniMiiliMiiiUlli •--,;,-..-        >.-:••'   Tit, **-**• r.n " ; 



mlOPm 

#' where p « 2KJ    ,   fS? -m xm&,  1^ « L - 2 1       and ^« T. *. of 

How by using the transformation gi?en .«* 

So., (10.S3) and using So, (10*40) 

# 

2_ w ggfeV 

with the following definitions for Js, J- end J.7- 

'8 -1-j.f.rt .f ^T*[<y.)-»As,M«*VWJ      (u.46) 

*«^»*.*»»fyt<.«u, *»*.«'• JJ, • • • * 

with   $ "C **•«• <* )*• «nd e * arctan ©</ JT • 

•.»-i_    - ,-**a--^. ,..-.. •   _.- 
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J6 - Wg.part .f -J^V frfeW** V*>*«* V*)J (11-47) 

where 

-JMV*1^ A*1*]^- f^A *e-*i* 

•WrtV*li-W^«SSfr)iV11' 

-J. 

with    J*jyV<«rt*j * and    6 * arc ten ot'/ f , 

# 

V,m-*f*rt *f ^^^ftW-^V^^WVfl (ll.«) 

iMMWtHJ . 
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where Q^ Y )  Is th« same as Q^C Y  ) except that the 

sign of the exponent of the exponential factor a is. 

positive instead oS negative) and where  S* [>*+ (.*")* J & 

9 » aretaa *V Y    • 

• ••• 
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€ XII. Evaluation of Components of L 

i 

Sines the integration or the various moment 

components fellers the seme procedures as were used 

for the foroe components, the detailed steps will not 

be indicated in this section* Only the final results 
Ml 

of the significant components, 115*, M6
n, M1Q and 

Mii"« will be listed* The other components may be 

evaluated by the procedures indicated in the previous 

sections. The components Mg'  and Mg" represent 

moments due to horizontal foroes while M^0 and M-Q 

sue moments due to vertical forces* 

Pros Section XX, the component Mi may be 

written as 

V* IfcgltflV' 

•** 

1 rd 
(1-eMfc'tt biWf 

»J-l 

set e •       e»e [f^(liH)st<6j d& 

(12*15 

# 

By completing in* i.^t*^-«tion with r«*poct to f# f't 
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L*, 

h, h» and 0, ay may be written an the oum of three 

parta. 

The expreselona for MM«t M^', and 1^« are 

(12.2) 

I(1£.3) 

tWf^rf^r*[.^V^-*"¥r%f¥g} , 

•-*••' . 
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where 

\        (12.4) 

and 

Q8( y ) -   § a      +• j- g-fi  e       +4iS   e" 
P 

U7& tA \iz6    z   I 

-? i S '. • "-1S '.• - | X 1|_ !«S2Vs<. * J**H 3o72 S*e 
!i6 

# i; 

I /4 507i / I*,T   a* / 

I* (12o5) 

<-f S 

^•ffiiHa; 
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InQgty),  J*(y*+1)   *«<* © « arctan »/*• . 

Hg( V;  la obtained from E3* (10.47) £8 explained after 

Eq. (10.49)* However, when Q3( Y)    la uaed in M52» 

and Mgj* ,  J- ( *** 1)"* aad 3^ arctais 1/Y  . The 

f »a In the L(£ ) function* take on the values  £p 

and *<3p aa indicated in Sq. (12.3). The functions 

K
9( ? /

2) *nd Kn( £ /25  **• modified Beeeel functions 

of the aeoond kind. 

The component U"    may he written aa 

t 
V sifK/bV"^1* 

|±±  (f'-ejfc'jk'lf'  (k 

»*6ew      «»[»^*.-K)<«c«J <fd 

•   (12.6) 

or 

V - V * V * V (12.7) 

where 

•?E»»—wwawa) •> *•—>^*"—-aMy^^^-^^f- .  , 
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V--^{".?^rf^^fiM^V^^MI | 

,V*V 
-HM j*rt ^ ^f IT* [^^-"^^••^wWj 

+|W r* «* 3^**[^-»^ w^V*>]) 

62 TIC 
*V*   T   or 

**•  J2 * J5 |  » •] (12.8) 

M    "*   H 
63 FK SS1 ffc"-"r ^P^-*'9^ 

# 

For th* Qf V) functions la Eq. (IS.a) — 

O^f Y) is given by Eq. (10.42); Qg( / ) is given toy 

Eq. (10.47); and Q5( JT) is given by Eq. (10.47) 

«-». , ... • 
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f 
except for a positive instead of at negative sign en 

the exponent of the exponential factors, and 

• »[>%• l*")*l~x»    0 »arctan <*"/ Y  . The definition for 

<%(Y)    is 

L»8'   * M f* c  + 13?* e 

•»• -4 * e j* -rsgf »***• 
$ <|«e 

girA*'%irA*Vff,V]* 

i 

•#»%»«» 

»  (12.9) 

where  $«(**+ at*)* and e «arctan <x/r . 0|0( y) 

is the same as Qg( )T)» given by Eq. (12.5), except for 

a negative instead of a positive exponent on the expo- 

nential factors. Also, the definitions for S and 6 

In QQ( IT ) are S *JjrV^*J * •nd 6* arctan <*/ jr*. Pur 

Q10(»)  the definitions are f«DrV(«*')*J"* and 

e- arctan<k'/X   • 

m 

•.. • 
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FOP the three J functions; J, is given 

by Eq. (10.42),, J2 is given by Eq. (10.46), and J 

is given by Ecj. (10,49). 

The component K^1 may be written as 

u « _   Kf t" 
10       ¥l« 4 I 

.1« 

*n'i*' (i/mw hdUf 

i.' 
(12.10) 

and reduced to 

where 

•—gij—m—Macsanii   mmi i ..  —i^na-a^suM^y -._.-»-.; 
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I43M <«tf2 * 

_ 11 $*«! *a ]> 
^ t n - |j*.4i*- [ft»**•• g A*]* 

/ (!2ol2) 

+ r«c A*to
+ gfiV^gf A** 

L1621 *»* J024 

3l<U flUi 

«...   *   •       ~ f »£**•- |fA*J*7ji+.-. 

- •••*<*.+* • 
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wlth    S-(r*t-l)~*   and   e«arotaal/y» 

The L function* In Eq. (12.11) are given by 

Fq. (12.4), 

Finally 

M, »-SL&SfcY 11        TZt 
'     (12.13) 

beeonea 

f »11% ^ |?18**14* »»• *ie* J17 a (12.14) 

where 

J13 -Ke.1 P.rt .f ^ f* [^-ai^M +?'%**)] , 

(12.15) 

tr "- —iai TIII ilia /- •    . -»*•        •   .    •-•     • rJLB\*. - •    . 



-* 1 Jt 

« 
_ % a 

(12.15) 

The Q( «f ) funetions in Eq0 (12*15) are 

defined aa follows: 

X«       »» 

¥ *i* 
(12.16) 

where  *« ( IT* t «<* )** and 6 - arctan «/ f. 

• 
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,H«» l-fi« 
0MZ *«5-7fr 

-frA^-yiV^JJa- 

(12.17) 

-J. 
where   fvJlVWJ * and    9 - arc tan <*'/ y . 

Q15( 2T)    Is obtained from   Q14( f)    by chang- 

ing che sign of the exponent of the exponential, factors 

and by using $«[>%(*">*.]* and    G-arctanot'/r      for 

S    and   &  • 

<WT> 

(IS.18) 

r> -.---* • . ,#-                -.-• ••    •-      • •** . 
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12288 

-J. 

mm   T £ 

where 5 *[/ +(<*')*] and 9 «•• arctan <v Y . 

Q17( JT) Is the same as Q__( Y) except for 

the definitions of $ and 6 in which j" is substi- 

tuted for <*' , i.e., f-JVV^^J and 9 = arctan «*7 &T. 

\mmTtnmmni\"nr* /         H ....——.. umiup  ***w 
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XIII. Numerical Calculations 

As mentioned in the introduction, as far as 

the effect of waves is concerned,, the force and moment 

experienced by the trailing ship may be elsssed into 

alone, the force and moment due to mutual interaction 

betwean the two ships, and the force and moment due to 

wave inti rference. 

For the ship when alone, the horizontal force, 

or wave resistance, has been calculated and plotted by 

Havelock (4).  It is an increasing oscillating function 

of the velocity. As the drafts-length ratio is increased 

this force increases* To the authors1 knowledge, the 

vertical force and moment, due to waves, on the ship 

when alone has neither been calculated nor plotted* 

The form of the functions involved in the vertical force 

and moment are very similar to those in tne expression 

for the horizontal force* Thus it is to be expected 

that the vertical force and .r.orsent are also increasing 

oscillating functions of the velocity. 

The force and moment components which are due 

to mutual interaction vary inversely as the square of 

the distance between the two ships, and hence, they may 

be expected to diminish very rapidly with the distance 

*. w^vis^-aBu***""""*^- 
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e 

«. 

between the two ships. For any practical distance 

between the two ships, these components can be neglected. 

Due to the motivation of this problem, viz., 

the problem of the effect of a leading ship on a trail- 

ing ships -f =s.Jor interest hers arc the force and moment 

components due to wave interference* The significant 

ones are designated by Xg% Z-n and M61**f Egg"* 

Mg.
n. M^1". The interpretation of these various com- 

ponents in terms of the distribution of sources end sinks 

which replace the ship is given in Section VII and VIII* 

The numerical calculations and comments are confined to 

these force and moment components« 

The parameters involved in the numericpi cal- 

culations are:  (1) the ratio of the distance botwsan 

ship centers and ship-length, c<* L/2 I  , and the corres- 

ponding quantities *'* Lj/fe I * c< - 1 and oC=I*2/2j • 

•2^. t  2 i  (S) draft ship-length ratio p= u/2* | 

(3) ratio of the distance from the origin of the rec- 

tangular axes to the center of mass of the ship and the 

ship-length, '€ /Zl ;  and (4) the inverse of the square 

of Proude's number,  p • l/F2# where P » e/Vfcg p • The 

values chosen for these various parameters are as 

follows: 
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m 

* 

oC » 2 through 7 

tf « 0.1 

Gfn  * 1/40 

p * 20 

Omitting the details. Figures (13*1) through 

(13.7) show the variation of the various components 

listed above with respect to the spacing between ships. 

The curves are all of an oscillatory nature and are 

camped very slowly with respect to spacing between ships. 

The frequency per ship-length of the oscillations in the 

curves remains practically constant with increasing dis- 

tance between ships. It is surprising that even for a 

relatively large distance of six ship-lengths, where 

one might expect negligible wave interference effect, 

there is an appreciable value for the separate compo- 

nents. 

To obtain the relative magnitude of the wave 

interference effect on th*? tr-ailing ships consider Xf
B
s 

Prom Fig. (13.1), the value for the wave interference 

effect at a ship spacing of one ship-length is about 

2  « 0.00375/>b g I • At a spacing of six ship-lengths, the 

2  • 
value decreases to about 0.002 «b gi • The wave-resis- 

tance, for the same parameters, for the trailing ship 

mtmm •wi*r**-:^^:r"ir..-1 
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as if alone .is approximately equal to 0.005/>b gl     (4). 

Thus this component of the wave interference effect at 

one and six ship-lengths is about 75%  and 40#, respective- 

ly, of the wave-reststance of the ship as if alone. Then, 

since the wave interference effect is oscillatory, by a 

judicious spacing of the two ships, there is an appreciable 

reduction in the wave-resistance of the trailing ship* 

For the other force and moment components, one may expect 

similar relative magnitudes* 

At the speed chosen in the calculations, all 

the curves oscillate at the rate of about three cycles 

pel*    OIup'.LQU^lu*        4JJO    o^uitiuwo    iOf    w«   TaiMVUo    i uvCSa 

and moments indicate that as the speed increases, the 

rate of oscillation of the curves decreases. Thus, at 

a low speed the wave interference effect on the trailing 

ship may change three times, per ship length spacing, 

from a positive to a negative value. At a higher speed 

the change from a positive to negative value may occur 

only once per ship-length spacing between ships. This 

would indicate thst if there is to be any sustained 

saving in power which would result from reduced reals* 

tance, it would more likely be at the higher speeds. 
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